Abstract. Integrability of equations of topological-antitopological fusion (being proposed by Cecotti and Vafa) describing the ground state metric on a given 2D topological field theory (TFT) model, is proved. For massive TFT models these equations are reduced to a universal form (being independent on the given TFT model) by gauge transformations. For massive perturbations of topological conformal field theory models the separatrix solutions of the equations bounded at infinity are found by the isomonodromy deformations method. Also it is shown that the ground state metric together with some part of the underlined TFT structure can be parametrized by pluriharmonic maps of the coupling space to the symmetric space of real positive definite quadratic forms.
Introduction
The idea of topological field theories (TFT) as solvable models without local, propagating degrees of freedom was proposed in [1] . In [1] [2] [3] [4] it was shown that topological correlators (at tree level) in a 2D TFT model are holomorphic functions on moduli of the TFT model obeying an overdetermined system of nonlinear PDE (the equations of associativity of primary operator algebra). Integrability of these equations was proved in [5] .
The problem of calculation of the ground state metric of a family of TFT was studied in a general situation (for both massless and massive theories) in [6] . In this paper a system of PDE for the ground state metric (being a Hermitian metric on the moduli space of TFT) was derived. The topological and "antitopological" (i,e. complex conjugate) correlators serve as coefficients of these PDE. This general construction of calculating of ground state metric was called in [6] a topologicalantitopological fusion. The equation of the same form arises for the metric on moduli space of Calabi-Yau varieties [7, 8] . The Hermitian metric on the moduli '~ On leave of absence from Dept. Mech. & Math., Moscow State University, 119899, Moscow 540 B. Dubrovin space in this case is the same as the Zamolodchikov metric [9] of the underlying N = 2 superconformal field theories. In this case the metric is K~hler having special properties. The geometry of the moduli space with this metric is called in [7, 8] special geometry. Thus general solutions of the equations of [6] can be called also generalized special geometry. Also in [6, 10, 11] a number of particular integrable reductions of the main equations was found. It was shown that under some symmetry assumption the equations of topological-antitopological fusion can be reduced to affine Toda equations (particularly, to Euclidean sinh-Gordon) and to some other integrable systems of the soliton theory. For massive perturbations of topological conformal field theory (TCFT) many particular reductions of the main equations can be solved via the Painlev6 transcendents of the third kind. More complicated reduction of the equations of topological-antitopological fusion was investigated numerically in [12] .
The present paper can be considered as a continuation of the investigations having been started in [5] of the r61e of integrable systems in the TFT. The main aim of this paper is to prove integrability of the equations of topological-antitopological fusion in the general case. This integrability immediately follows from the zero-curvature representation of these equations depending on a spectral parameter being obtained in Sect. 1.
In Sect. 2 it was proved for massive TFT models that the equations of topologicalantitopological fusion can be reduced to a universal integrable PDE system with constant coefficients (i.e. not depending on the given TFT model). For models with two primaries this system coincides with the Euclidean sinh-Gordon. For massive perturbations of TCFT the ground state metric can be found from the equations (generalizing the Painlev6 III) of isomonodromy deformations of a linear operator with rational coefficients (again this operator is universal, i.e. it does not depend on the concrete TCFT model). The separatrix solutions of these equations satisfying at infinity the boundary conditions of [6] are found in Sect. 2 using Riemann boundary value problem machinery.
A nice geometrical reformulation of the equations of topological-antitopological fusion is given in Sect. 3. It is shown that any solution of these equations determines a pluriharmonic map (i.e. harmonic along complex directions) of the moduli space of the TFT model to the symmetric space of real positive definite quadratic forms (in fact a loop in the space of pluriharmonic maps). Conversely, any such a map determines a family of topological-antitopological fusion structures on the moduli space together with the underlying TFT structure. Functional parameters of the family can be described explicitly in differential geometric terms. This relation to the theory of harmonic maps probably can be useful to describe possible topologicalantitopological fusion structures "in large" (i.e. using appropriate information about topology of the moduli space of the TFT model).
Zero-Curvature Representation for the Equations of Topological-Antitopological Fusion
Let M be a complex manifold of (complex) dimension n with a nondegenerate holomorphic complex quadratic form 
Note that the equations Da~7~b = 0, Dagab = 0 follow from (1.4). It is clear that the connection D for a compatible pair r/, 9 is determined uniquely. The matrices/7 c = (Fba) have the form
It immediately follows from the definition that the tensor M = (Mb),
obeys the equations M~ r = const. for given p § p/+ q § ql. In other words, the operations of raising and lowering of indices via %5, ~Tb~b, and gab commute. The parallel transport being specified by the connection F respects this isomorphism. Also an anticomplex involution r acting on the (complexified) tangent space TM | C = TI,~ Q T~ is defined as follows:
The operator r commutes with the standard complex conjugation
r(X) = r(X).
The complex inner product The operator r is antiorthogonal with respect to the inner product {, }:
It is covafiantly constant with respect to the complex connection D: The proof is straightforward. An anticomplex involution ~-with the above properties also will be called compatible with the complex metric ~].
The group of holomorphic automorphisms A = (Ab(z)) of TI,~ acts on normalized compatible pairs as follows: Remark. For any anticomplex involution r in a n-dimensional complex space T there exists a n-dimensional r-invariant real subspace V C T such that T is isomorphic to the complexification of V To write the equations of topological-antitopological fusion (or, equivalently, the generalised equations of special geometry) we need to introduce the notion of Fr0benius manifold (see [5] (1.24b) where C~b, ~b are holomorphic tensors on M. These satisfy the equations Particularly, a (quasi-) Fr6benius manifold M is called massive if the Fr6benius algebra (c~, r?~) is semisimple (i.e. has no nilpotents) for any t. Local structure of massive FrSbenius manifolds can be described using an appropriate version of the inverse spectral transform (see [5] and Sect. 2 below) for WDVV.
A quasi-Fr6benius structure on M is called integrable if local coordinates ul, ..., u'~ exist such that the structure tensor c = (cikj) in these coordinates does not depend on u. Particularly, any massive Fr6benius manifold is integrable [5] . In other words, canonical local coordinates ul ..., u,~ exist on a massive Fr6benius manifold M such that the law of the multiplication (1.24a) of the corresponding basic vector fields 0~ = 0/0~ ~ has the form 0<05 = ~0O~.
(1.30)
These coordinates are determined uniquely up to permutations and shifts.
Let us come back to the arbitrary quasi-Fr0benius manifold (C~b(Z), %b(Z)). I am
going to define (following [6] ) special geometry structure on a given quasi-Fr6benius manifold. If M is a Fr6benius manifold (i.e. a TFT model) then these special geometry structures on M are also called topological-antitopological fusions of the given TFT model [6] . Let us denote by 6"a the operators C~ = (Ccb(Z)). Remark. We have seen above that a compatible normalized pair 7, 9 (or ~], M) on a manifold M can be encoded by a pair (~', G), where ~ is a real n-dimensional subbundle in Tt'~ and G is a section of the associated bundle Q(~) of positive definite quadratic forms on ~". It will be shown in Sect. 3 that the equations of special geometry have a nice geometric reformulation in terms of the pair (~', G): ~" is a flat bundle (i.e. it admits a connection of zero curvature) and G is a pluriharmonic section of Q(~').
The equations of special geometry (together with the equations of compatibility of r/and M) can be written as the following overdetermined system of equations for the matrix-valued function M (with F of the form (1.15):
(1.33)
It turns out that this system imposes a constraint for the quasi-FrSbenius manifold.
Proposition 1.2. If eigenvalues of some C a = (CC~b(Z)) are simple and a special geometry structure on M exists then the quasi-Frgbenius structure (C~b(Z)) is integrable.
The proof of this proposition will be given in Sect. 3.
Let us obtain now a "zero-curvature representation" (depending on a spectral parameter) of Eq. (1.32). transforms the special geometry structure for C~v , rl to a special geometry structure for ~ ~/.
Cab
Example. Let us consider special geometry structures on the "trivial" FrSbenius manifold c~j = const., ~hj = const. In the nonnilpotent case one can consider the direct sum of n copies of the 1-dimensional Fr6benius algebra,
The first part (1.32a) of the equations reads
These can be solved in the form
qT = q, (1.46) where the off-diagonal symmetric matrix q = (q~j) is determined uniquely. The system Recently this equation (with the opposite sign) proved to be important in the theory of surfaces of constant mean curvature [14] [15] [16] . In Sect. 2 it will be shown that all special geometries on massive Fr6benius manifolds locally can be described by the system (1.50).
Remark. Equations of compatibility of rational operator pencils of the form 0~ = AC~ -~,~, (1.53a)
with n • n matrix coefficients C, C, F were studied for n > 2 in the paper [17] as a multicomponent generalization of the Sine-Gordon eq. (for n = 2 (1.53) gives [18] the Sine-Gordon equation in the light-cone variables x, y). In [19] it was shown that these equations are gauge equivalent to the integrable [20] equations of principal chiral field. The idea of this gauge equivalence is important for the constructions of Sect. 3. "Multidimensionalization" of the system (1.53) by adding dependence on higher times (i.e. isospectral deformations of (1.53)) was considered recently in [21] without investigating of reality constraints of the type (1.36). As it was proved in [5] , a canonical coordinate system ul(t), ..., u~(t) locally exists on a massive Fr6benius manifold such that in these coordinates 
The matrix m is Hermitian, positive definite and orthogonal.
The proof is straightforward. As a consequence we obtain In the conformal point t = 0 the primary correlators form a graded Fr6benius algebra with qa as the weights of the generators. In the canonical coordinates u ~ the group acts in the standard way
The similarity reduction (2.15) of the system (2.5) describes the isomonodromy deformations of the linear ODE system with rational coefficients
The integration of the similarity reduction of (2.5), (2.15) was given in [5] . Particularly, all the scaling dimensions q~, d are calculated as the monodromy indices of (2.16) in the point A = 0. For n = 3 this similarity reduction can be reduced to a particular case of the Painlev6-VI equation; for n > 3 this is an appropriate high order generalisation of the Painlev6-VI. Let us consider now topological-antitopological fusions of a massive perturbation of TCFT. It is natural to assume a special geometry structure on a scaling invariant Fr6benius manifold to be covariant with respect to the group (2.14), c = expir In the massive case the similarity reduction of the system (1. The system (1.50), (2.17) can be reduced to a system of ODE of the order n(n -1). For n = 2 this is equivalent to the similarity reduction of the sinh-Gordon equation (1.52) (i.e. to a particular case of the Painlev6-III equation [23] . For n > 2 the system (1.50), (2.17) can be considered as a high-order generalisation of the Painlev6-III.
Lemma Compatibility of (2.19) with (2.9) is equivalent to the similarity equations (2.17). Lemma is proved.
Corollary. The system (1.50), (2.17) gives the isomonodromy deformations of the linear operator (2.18) .
Isomonodromy deformations of linear operators of the form (2.18) (for n > 2 without any constraints of the type (1.36)) were described in [24] . Generic self-similar solutions of (1.50), (2.17) can be found easily using an appropriate Riemann boundary value problem (see [23] ). Here we study more thoroughly the massive case. Semiclassical arguments of [6] for topological-antitopological fusion of Landau-Ginsburg models give rise to specification of n(n -1)/2-dimensional subfamily of separatrix solutions of (1.50), (2.17). As it follows from the formulae of Appendix B of [6] for such models the special geometry structure should trivialize for ]u I ~ oc:
q---~0, m-+l for lul-+ec. vanishing for x -+ oc). Let us construct these separatrix solutions.
To do it we formulate the following Riemann boundary value problem: to find n x n matrix-valued functions ~+(u, ~2, .~) and ~P_(u, ~2, .~) analytic in .~ in the halfplanes Re .~ > 0 and Re ~ < 0 resp. satisfying the following boundary conditions on the imaginary axis (here g > 0):
~_ (u, ~, i~) = ~ + (u, (z, i~) S , (2.23a)

~P_(u, ~t, --iQ) -= ~+(u, (~, i~)S T , (2.23b)
where S = (Spq) is a complex n x n matrix satisfying the following conditions: Note 2 that the solution M depends exactly on n(n -1)/2 parameters (i.e. on the Stokes matrix S). For generic self-similar solutions of (2.9) the eigenfunction has a jump also on a unit circle. 
Topological-Antitopological Fusions and Pluriharmonic Maps
It is wellknown that harmonic functions are the solutions G = G(u, ~) of the equation
Pluriharmonic functions (or vector-functions) G(z, 2), z = (z 1, ..., z*~), are defined as solutions of the overdetermined system
Equivalently, the restriction of G onto any holomorphic curve z k = zk(u), k = 1, ..., n should be holomorphic. Also for any complex manifold M and a real Riemannian manifold Q the class of pluriharmonic maps G:M -~ Q is well-defined. Particularly, pluriharmonic maps of a compact complex manifold M to compact Lie groups Q were studied recently [26, 27] . They proved to have many nice features of harmonic maps of Riemann surfaces to a compact Lie group (see [15, 28, 291) . In this section it will be shown that any solution of Eqs. (1.32) of topologicalantitopological fusion on a quasi-Fr6benius manifold M locally determines a pluriharmonic map of M to the symmetric space Q = Gl(n)/O(n) of n x n positive definite quadratic forms (in fact, even a loop in the space of pluriharmonic maps M -+ Q). Conversely, it will be shown that, under some additional assumptions, a pluriharmonic map M --+ Q determines a family of quasi-FrSbenius structures together with a special geometry structure on given M. Globally instead of pluriharmonic maps G:M -~ Q one has to consider pluriharmonic sections G:M --+ Q(Y) of the bundle of positive definite quadratic forms on a real n-dimensional flat subbundle ~" C TI'~ (see Sect. 1 above).
Let us fix a solution of the system (1.32). Let ~ = #~(z, 2) be the fundamental matrix of the system (1.34) for ), = expip for some real F being normalized by the condition = ~/~.
It is easy to see that such a normalization is compatible with (1.34). More than that, it can be done simultaneously for any qo so ~ is a periodic function of ~. Equivalently, the matrix M is factorized as M = ~-1. (3.
2)
The condition M = M t is equivalent to reality of the symmetric matrix
Starting from this point we will consider only special geometries with positive definite Hermitian products 9 = (gc~b)" Then
is a matrix of a real positive definite quadratic form. We obtain therefore (locally in M) a map (depending on the parameter ~) for an arbitrary real nondegenerate matrix S. We obtain therefore an isomorphism between the holomorphic tangent bundle TI,~ and the complexification of some n-dimensional real bundle ~" c TI'~ on M,
Indeed, the columns of the matrix ~ = (ss~) under holomorphic changes of coordinates transform as holomorphic tangent vectors. In the intersection of two coordinate charts (z a) and (z a') the matrices (~) and (~) are related by the transformation (3.6) with a constant real 5". This gives the construction of the real bundle ~'. This isomorphism transforms the antiinvolution ~-(with the matrix M) to the identity map on ~', and the complex and Hermitian quadratic forms ss*~], ~*g coincide on Y (i.e., they have the same real symmetric matrix G). We obtain that globally the formula (3. Particularly, on a simply-connected M the bundle ~" is trivial. So G is a map of M to the symmetric space Q. For non-simply-connected M G is an automorphic map with respect to some linear representation
(twisted pluriharmonic map [31] ).
Let us come back to pluriharmonic maps. The group Gl(n) acts transitively on Q as follows: Hence log detG is a pluriharmonic function (cf. [6] ). The matrix G determines a pluriharmonic map to the irreducible symmetric space Q = SL(n)/SO(n). The function G(z, 5) should obey an overdetermined system of equations. This system can be rewritten in a simple form using matrix-valued currents To prove the converse statement one needs first to prove
Lemma. Any solution of (3.14) satisfies also (3.21) .
For the case of pluriharmonic maps to a compact Lie group such a statement was proved in [27] .
Proof Compatibility conditions of (3.14) imply [A~, [Ap, Aq] Note that the above semisimplicity assumption has not been used in this proof.
As it has been proved pluriharmonicity of a map M ---+ Q is equivalent to compatibility of the system (3.16). Hence Eqs. (3.14) of pluriharmonic maps to the symmetric space Q are integrable 3. Now I'll try to explain the geometric idea of the final part of the proof before proceeding to the calculations. For simplicity let me consider the problem locally (so all the bundles will be trivial).
Let V be an n-dimensional real vector space. The pull-back of the Levi-Civita connection on Q (for the invariant metric is the section of E. Also the matrix-valued 1-form A is closed. Such a pair (E, A) was called a Higgs bundle in [31] . It is very important that in our case there is a Euclidean scalar product on M • V (being specified by the matrix G). It proves to be holomorphic with respect to d~. So it determines a holomorphic nondegenerate quadratic form (,) on Y • C being invariant for the operators A k. We obtain therefore a holomorphic family of commuting operators being symmetric with respect to a holomorphic inner product (, }. This looks so similar to the deformation of Fr6benius algebras! To complete the construction one needs to identify ~/" | C and Tl'~ (i.e. to construct an isomorphism ~ -see (3.7)). Here the semisimplicity assumption is essential. We construct locally a basis of holomorphic sections vl, ..., v~ of ~" • C and such a coordinate system u 1, ..., u ~ on M that 
Appendix. WDVV Equations for Massive TFT Models and Correlators of the Impenetrable Bose Gas
After the main body of this paper was written I was informed by Cecotti that he also obtained (in a joint work with Vafa) the universal form (1.50), (2.17) of the equations of topological-antitopological fusion in TCFT for the particular case of topological minimal models. In the derivation [32] Cecotti and Vafa also used the canonical coordinates (2.3) coinciding [5] for the case of minimal models with critical values of Landau-Ginsburg superpotential. Moreover, they observed [32] that these equations coincide 4 with the equations [33] for multipoint correlators in 2D Ising model. In this appendix I will show that the equations [34] for multipoint correlators in the impenetrable Bose gas (as functions of distances) are in close relation with WDVV equations (written in the canonical coordinates (2.3)) for a massive TFT model with even number of primaries.
I recall that the Hamiltonian of the one-dimensional non-relativistic Bose gas [35] one immediately obtains that the t-independent part (A.12) of the system for the off-diagonal part of the matrix V coincides with the system (2.5) for n = 2N (i.e. with WDVV eqs. in the canonical coordinates uZ). The functions V,~,~ and log A are determined by the off-diagonal terms Vz~ from Eqs. (A.12) and (A.14).
{G}T = tr((C~ exp(-H/T)) /tr(exp(-H/T)) .
{O+(z+)... O+(z +) O(Zl)... O(Z~))T = TN/2GN(X +, x-, t)
We obtain that multipoint correlators of the impenetrable Bose-gas determine a two-parameter family of massive TFT models (depending on t and e;) with even number of primaries. The zero-temperature limit of these correlators can be expressed via Painlev6 transcendents of the fifth kind (for N = 1) and their high-order generalisations [36] . It is interesting that this limit does not coincide with TCFT, where all the correlators are given in terms of the Painlevd-VI transcendents and their high-order generalisations.
